ABSTRACT. This paper describes a map / from a metric space X (having the same dimension at each of its points) onto a space Y such that dim X > dim Y > 0 with the property that dimiC > dim/(fC) for every closed set K contained in X. This answers a question posed by Eilenberg in 1936 in The Scottish Book. This question was answered with a more complicated example by Rubin, Schori, and Walsh.
K in X with f(K) = Y. Civin and Roberts [3] and Keesling [5, 6] generalized this theorem of Kelley. Anderson [1] pointed out that Bing's examples of higherdimensional hereditarily indecomposable continua [2] together with certain results of Kelley in [7] show that the finite-dimensionality of Y is necessary in this result. These results imply that a function giving a negative answer to the problem of Eilenberg cannot be monotone and open. This paper describes examples which give a negative answer to Eilenberg's problem. For each n > 2 we construct a continuum X which has dimension n at each of its points and a map / of X onto the unit interval I such that / does not raise the dimension of any closed subset. The space X is a closed subset of the (n -f-l)-cube and / is the restriction to X of the projection onto one coordinate. For each n, f is monotone and in fact cell-like. The point inverses of / are either n-cells or arc-like (chainable) continua. Of course / is not an open mapping by the above remarks.
A complicated example answering Eilenberg's question can be found in Rubin, Schori, and Walsh [9] . In that paper a continuum X is constructed which has the property that any closed finite-dimensional ii" in X is 0-dimensional. In the construction of X it is demonstrated that there is a map / : X -► I such that any closed 0-dimensional set K in X has 0-dimensional image in I. This gives a negative answer to Eilenberg's general question although the authors did not seem to be aware of that fact. The examples given here are simpler and more straightforward. Also, the maps we construct are cell-like which was not the case in [9] .
If A is contained in X, then the boundary of A will be denoted by Fr(.A).
MAIN Theorem.
If n > 2, then there is an n-dimensional continuum X contained in /"+1 and a map f:X-*I such that if K is any 0-dimensional compactum in X, then f(K) is 0-dimensional.
Moreoever, the continuum X is n-dimensional at each of its points and the map f is the restriction to X of the projection mapp: /"+1 -► I onto the last coordinate.
PROOF. Let {ri,r2,...} be a countable dense subset of I. The space X will be obtained as the nested intersection of continua X0,Xi,... ,Xk, -Let Xn = In+l, t/n = 0, and pk denote the restriction of p to the set Xfc.
We define the following two subsets of In: the "back" face, Note that f/n and Xo satisfy properties (1) through (9) . While there is a lot of properties to check in the induction statement, the authors would like to point out that properties (1) to (5) and (8) are included to guarantee that the set Xj will "look like" the set X,_i.
Property (6) assures that when constructing Xj from Xj-ii the only changes to be made will be over the set Uj. Property (7) assures that Xj will look like a product over the components of Uj. Property (9) states that as the components Uj(i) of Uj converge to rj, the set of n-cells Nj(i) are dense in the set of arcs in P]'1(rj) which go from "back" to "front".
We now want to show the existence of sets Xk-\-i and Uk+i which satisfy properties (1) to (9) above. First find points a and b such that a < rk+i < b and the interval [a,b] misses the set {ri,r2,...,rk}-By properties (2) and (3) we can also assume that if [a, b] meets a set Uj, then it is contained in some component of Uj. Inside (o, b) now find a small open set Uk+i which is the union of a countable sequence of pairwise disjoint open intervals which converge to rk-\-i. By properties (6) and (7) we know that p^"1((a, 6)) = N X (a,b) for some n-cell N. Let Ai,A2,... be a sequence of polyhedral arcs in N which begin in B and end in F and which are dense (in the hyperspace topology) in the collection of all arcs in tV which begin in B and end in F. Let Nk+ift) be a regular neighborhood of Aj which is contained in the 1/¿-neighborhood of A and which meets B and License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use F in (n -l)-cells. If Uk-\-i = Pl£Li Uk-\-i(i), where the set Uk-\-i(i) is the ¿th component of Uk-\-i converging to rk+i, then define the set X^^_i above Uk+i(i) (i.e., Pk~+i(Uk+i(i))) to be the set Nk+i(i) X Uk+i(i). Above the set I -Uk+i leave the set as it was before. More precisely, define Xk-\-i above I -Uk-\-i by the formula p~k~+i(.I -Uk-\-i) = PjT1^ -^M-i)-We nave now shown that the sets Xfc+i and Uk-\-i satisfy properties (1) and (9) and hence have completed the induction.
Let X SB (Jfct=i -Xfc &a^i let / = p restricted to the set X. Let ii" be a closed subset of X with the property that f(K) contains a nondegenerate interval [a,b] . Let r-fc be a point of the countable dense subset in (a, b). We claim that KC\f~ 1(?k) contains a nondegenerate continuum and thus K is not 0-dimensional. For if not, then K fl f-1(rk) = K fl P^frk) is 0-dimensional. Since n > 2, p^~1(rA;) is an n-cell, and K Dp^frk) is 0-dimensional, K flp^1^) does not separate p¿~1(rfc)-Hence, there is an arc A from B to F in p^~1(r,fc) which misses K. Let e > 0 be chosen to be the distance from A to K. Choose i so that Uk(i) C (a, b) and the neighborhood p^"1(ufc(z')) = Nk(i) X Uk(i) lies in the e-neighborhood of A. But then f(K) misses Uk(i) which contradicts the assumption that f(K) contains [a, b] . Thus K contains a nondegenerate continuum and we can conclude that the image under / of every 0-dimensional closed set is 0-dimensional.
Since /-1(rk) is an n-cell and since X contains no open subset of /"+1, dimX = n.
Let x be any point in X. If f~x(f(x)) is an n-cell, then X is obviously ndimensional at x. On the other hand, suppose that /-1(f(x)) is not an n-cell. Then by properties (5) and (6) of the induction hypothesis it must be that f(x) is an element of Uik for an infinite subsequence of the Ui's. By (1) , the diameters of these Uik 's go to zero as fc goes to infinity. Now to show that in this case also dim;,; X = n, consider the following. is either an n-cell or an arc-like continuum. The example described by Rubin, Schori, and Walsh [9] does not give a cell-like map. One can see directly that / is not open which would contradict results of Kelley [7] and others. The set of points where / is arc-like is a dense Gs in i, but can be taken to have Lebesgue measure zero. The construction can be modified so that X is infinite-dimensional with X contained in Q X I and with the point-inverses of / either arc-like or a copy of Q and with dimz X = oo for all x in X. We leave this as an exercise for the readers.
It should also be pointed out that we have actually proved that if K is closed subset of X with dim K < n-2, then dim f(K) < 0. In the construction suggested above which yields an infinite-dimensional X one can construct X so that if K is a closed subset of X which is finite-dimensional, then dim f(K) is 0-dimensional in I. Of course, this is true of the example of Rubin, Schori, and Walsh [9] .
